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Past Studies (From Turkes’s 
Thesis)
nn Bracken, on the Ardennes campaign of World War Bracken, on the Ardennes campaign of World War 

II, II, 
nn FrickerFricker, also on the Ardennes campaign,, also on the Ardennes campaign,
nn Clemens, on the Battle ofClemens, on the Battle of KurskKursk of World War II, of World War II, 
nn Hartley and Hartley and HelmboldHelmbold, on the, on the InchonInchon--Seoul Seoul 

campaign of the Korean Warcampaign of the Korean War
nn Turkes, Fitting Lanchester and Other Equations to Turkes, Fitting Lanchester and Other Equations to 

the Battle Of the Battle Of KurskKursk Data.Data.



Lanchester Models of the 
Ardennes Campaign
nn Detailed data base of the Ardennes Detailed data base of the Ardennes 

campaign of World War II (December 15, campaign of World War II (December 15, 
1944 through January 16, 1945) by Data 1944 through January 16, 1945) by Data 
Memory Systems, Inc.Memory Systems, Inc.

nn For  US Army Concepts Analysis Agency.For  US Army Concepts Analysis Agency.



Introduction

nn Data : two sided , timeData : two sided , time--phased, and detailed.phased, and detailed.
nn Another CAA data set. 600 battles and 140 Another CAA data set. 600 battles and 140 

different properties of each. (Good thesis different properties of each. (Good thesis 
opportunity with Prof. Lucas)opportunity with Prof. Lucas)



Introduction (Data)

nn Data cover 33 days of the campaign from Data cover 33 days of the campaign from 
December 15, 1944 through January 16, December 15, 1944 through January 16, 
1945.1945.

nn The Germans attacked during days 1The Germans attacked during days 1--6 and 6 and 
the Allies attacked during days 7the Allies attacked during days 7--33.33.



Introduction (Data)

nn The data of the first day is missing for the The data of the first day is missing for the 
German side.German side.

nn The heaviest attrition takes place at the The heaviest attrition takes place at the 
beginning of the campaign.beginning of the campaign.

nn The analysis treats the data for days 2The analysis treats the data for days 2--11. 11. 
Five days during each side is attacking. 2Five days during each side is attacking. 2--6 6 
for Germans and 7for Germans and 7--11 for allies.11 for allies.



Battle Of The Bulge



Historical Overview

nn On December 16, 1944 three German armies On December 16, 1944 three German armies 
launched a surprise attack against a thinly held launched a surprise attack against a thinly held 
section of the US front line on a stormy weather.section of the US front line on a stormy weather.

nn Ardennes Campaign, known as Battle of the Ardennes Campaign, known as Battle of the 
Bulge, caught US units by complete surprise.Bulge, caught US units by complete surprise.

nn After several days of German penetrations, US After several days of German penetrations, US 
forces slowed and then stopped the German attackforces slowed and then stopped the German attack



Historical Overview

nn By Christmas day, the sky cleared and By Christmas day, the sky cleared and 
Allies counterattacked with the full might of Allies counterattacked with the full might of 
the air supremacy.the air supremacy.

nn Approximately two weeks later, Allies Approximately two weeks later, Allies 
restored the front line in the Ardennes.restored the front line in the Ardennes.



nn General form of the modelGeneral form of the model
nn B = a(d or 1/d)B = a(d or 1/d)RRpp BBqq

nn R = b(1/d or d)BR = b(1/d or d)Bpp RRqq

nn B, R = blue forces, red forcesB, R = blue forces, red forces
nn B, R = blue forces killed, red forces killedB, R = blue forces killed, red forces killed
nn a,b = attrition parametersa,b = attrition parameters

.

.

.

.

Models Review



nn d,1/d = tactical parameterd,1/d = tactical parameter--factor for attrition factor for attrition 
to defender(d) or attrition to attacker (1/d)to defender(d) or attrition to attacker (1/d)

nn p = exponent parameter of shooting forcep = exponent parameter of shooting force
nn q = exponent parameter of target forceq = exponent parameter of target force
nn Daily data available for B and RDaily data available for B and R
nn Blue denotes Allied Forces, Red denotes the Blue denotes Allied Forces, Red denotes the 

GermansGermans

Models Review (cont.)



nn p=1 and q=0 =>p=1 and q=0 => LanchesterLanchester Square LawSquare Law
nn p=1 and q =1 =>p=1 and q =1 => LanchesterLanchester Linear LawLinear Law
nn Square Law: Square Law: dxdx//dt dt = = --ay and ay and dydy//dt dt = = --bxbx
nn Linear Law: Linear Law: dxdx//dt dt = = --axy axy and and dydy//dt dt = = --bxybxy
nn d is a multiplier of attrition due to being a d is a multiplier of attrition due to being a 

defenderdefender

Models Review (cont.)



B = aB = a RRpp BBq q 

R = b BR = b Bpp RRqq

Model 4 :Model 4 :
Total ForcesTotal Forces

B = a B = a RRpp BBq q 

R = b BR = b Bpp RRqq

Model 3 :Model 3 :
Combat ForcesCombat Forces

Without Without 
Tactical Tactical 
ParametersParameters

B = a(d or 1/d )B = a(d or 1/d ) RRpp BBq q 

R = b(d or 1/d ) BR = b(d or 1/d ) Bpp RRqq

Model 2 :Model 2 :
Total ForcesTotal Forces

B = a(d or 1/d ) B = a(d or 1/d ) RRpp BBq q 

R = b(d or 1/d ) BR = b(d or 1/d ) Bpp RRqq

Model 1 :Model 1 :
Combat ForcesCombat Forces
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ParametersParameters
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Models



nn Hembold Hembold equation    equation    
nn dxdx//dtdt = = --a(x/y)a(x/y)11--wwy y and and dydy//dtdt = = --b(y/x)b(y/x)11--w w x                                                 x                                                 
nn Models 1 and 2 have five parameters to be Models 1 and 2 have five parameters to be 

estimated whereas models 3 and 4 have four estimated whereas models 3 and 4 have four 
parameters to be estimatedparameters to be estimated

nn Parameters “a” and “b” are in Parameters “a” and “b” are in Hembold’s Hembold’s 
general modelgeneral model

Discussion of Lanchester Models



nn Parameters p and q are estimated separatelyParameters p and q are estimated separately
nn Parameter d is a bonus of the present Parameter d is a bonus of the present 

analytical effortanalytical effort
nn It significantly improves the fitIt significantly improves the fit
nn Estimates are also made without “d” Estimates are also made without “d” 

because it is not known in advance by force because it is not known in advance by force 
structure plannersstructure planners

Discussion of Lanchester Models 
(cont.)
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nn Basic distinction between combat power Basic distinction between combat power 
and total manpowerand total manpower

nn No distinction between surviving resources No distinction between surviving resources 
and newly arrived resources!!and newly arrived resources!!

nn One avenue for research would be to One avenue for research would be to 
attempt  to estimate the weighting attempt  to estimate the weighting 
parameters rather than to assume themparameters rather than to assume them

nn This is very difficult thoughThis is very difficult though

Notes On Data Tables



Estimation of Parameters

nn Bracken’s technique (1995) of fitting Bracken’s technique (1995) of fitting 
Lanchester eqnLanchester eqn. to Ardennes data. to Ardennes data

nn Justification of Bracken’s techniqueJustification of Bracken’s technique
nn Fricker’s Fricker’s technique (1998) of fittingtechnique (1998) of fitting

LanchesterLanchester eqneqn. to Ardennes data. to Ardennes data



nn 5 parameters (5 parameters (aa, , bb, , dd, , pp, , qq) to be estimated) to be estimated
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Estimation of Parameters



Bracken’s Technique
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nn Determine parameters by searching {a, b, p, Determine parameters by searching {a, b, p, 
q, d} grid space that minimizes residual q, d} grid space that minimizes residual 
sumsum--ofof--squaressquares



Parameter Grid (Model 1)

nn 55××55××33××55××5 = 1,875 combinations5 = 1,875 combinations
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Sum of Squared Residuals



Best Fit Models
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Shortfalls in Bracken’s 
Technique
nn Bracken: “…does not guarantee that an Bracken: “…does not guarantee that an 

optimal fit be found”optimal fit be found”
nn Parameter grid derived through experience Parameter grid derived through experience 

and trial & errorand trial & error
nn Not exhaustive searchNot exhaustive search



Fricker’s Technique

nn Ronald D Ronald D FrickerFricker, , Jr Jr -- RAND, Santa RAND, Santa 
Monica, CAMonica, CA

nn Recommended by Bracken to undertake the Recommended by Bracken to undertake the 
analysisanalysis

nn “Attrition models of the Ardennes “Attrition models of the Ardennes 
campaign”, Naval Research Logistics, campaign”, Naval Research Logistics, Vol Vol 
45, no.1, 199845, no.1, 1998

nn Same 4 modelsSame 4 models



Fricker’s Technique

nn Differences with Bracken:Differences with Bracken:
uuLinear regression appliedLinear regression applied
uuUse data from entire campaign, i.e.       Use data from entire campaign, i.e.       

day 2day 2--3333
uu Includes air sortie data, each sortie Includes air sortie data, each sortie 

weighted at 30weighted at 30



Fricker’s Technique
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Fricker’s Technique

nn Advantages:Advantages:
uuSS is minimized SS is minimized 
uuStatistical techniques can be used to Statistical techniques can be used to 

judge the significance of the parameters judge the significance of the parameters 
and the fit of the modeland the fit of the model



Results

B = 0.000 000 008 RB = 0.000 000 008 R1.21.2 BB0.80.8

R = 0.000 000 008 BR = 0.000 000 008 B1.21.2 RR0.80.8

Model 4 :Model 4 :
Total ForcesTotal Forces

B = 0.000 000 008 RB = 0.000 000 008 R1.31.3 BB0.70.7

R = 0.000 000 010 BR = 0.000 000 010 B1.31.3 RR0.70.7
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Without Without 
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ParametersParameters
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Results



Table 9 : Model 1 (pg 430) 

5425425096509656385638-- 43243226092609217721771111
19171917506850686985698526326325952595285828581010
-- 4024024920492045184518179179251925192698269899

-- 206320634929492928662866-- 173173252325232350235088
-- 9199194718471837993799-- 611611241524151804180477
3373372938293832753275-- 248248367236723424342466
6646642599259932633263951951324932494200420055
8628622553255334153415424424319131913615361544

177017702533253343034303667667316631663833383333
90902566256626562656-- 614614320832082594259422

ResidualResidual
(Red)(Red)

Est Est Red Red 
losseslosses

Red Red 
losseslosses

ResidualResidual
(Blue)(Blue)

Est Est blue blue 
losseslosses

Blue Blue 
losseslosses

DayDay

Average total losses = 7027.  Standard deviation = 1278.



Interpretation of Results

nn First interpretationFirst interpretation :: LanchesterLanchester linear linear 
equation fits the campaignequation fits the campaign



Results



Results



Results



Interpretation of Results
nn First interpretationFirst interpretation :: LanchesterLanchester linear equation linear equation 

fits the campaignfits the campaign
nn Second interpretationSecond interpretation : the individual : the individual 

effectiveness parameters depend upon whether effectiveness parameters depend upon whether 
combat forces in the campaign or total forces in combat forces in the campaign or total forces in 
the campaign are included.the campaign are included.
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Limitations of Studies

nn Models used in the studies are homogeneous in the Models used in the studies are homogeneous in the 
sense that reasonable but sense that reasonable but subjectivesubjective weights are weights are 
assigned to the combat elements to estimate the assigned to the combat elements to estimate the 
parametersparameters
uu Alternative : To use heterogeneous models; but Alternative : To use heterogeneous models; but 

would  would involve many more parameters.  would  would involve many more parameters.  
Similar approach to the study of the American Similar approach to the study of the American 
Civil War battles could be adopted for the study Civil War battles could be adopted for the study 
of Ardennes campaignof Ardennes campaign



Limitations of Studies (cont.)

nn Strictly speaking, Strictly speaking, LanchesterLanchester equations only equations only 
represent the combat forces physically in represent the combat forces physically in 
engagement.  But the nonengagement.  But the non--combat elements combat elements 
were used in the events where the total were used in the events where the total 
forces are included, i.e.theory and empirical forces are included, i.e.theory and empirical 
work do not strictly correspondwork do not strictly correspond
uu This area of model definition and scope This area of model definition and scope 

might be useful for further investigationmight be useful for further investigation



Limitations of Studies (cont.)

nn Recall : Estimation of parameters based on Recall : Estimation of parameters based on 
the range of 5 values each for a, b, p, q, and the range of 5 values each for a, b, p, q, and 
3 values for d, a total of 1875 variations3 values for d, a total of 1875 variations

nn Following are not explored:Following are not explored:
uuDetailed variations in parameters to Detailed variations in parameters to 

obtained best fits or at least tighter fitsobtained best fits or at least tighter fits
uuPresence and effects of local minimalPresence and effects of local minimal



Limitations of Studies (cont.)

nn Finally, effects of air battles not examinedFinally, effects of air battles not examined



Conclusions

nn A good start point to validate A good start point to validate LanchesterLanchester models models 
against data from a 2against data from a 2--sided time histories of sided time histories of 
warfare on battleswarfare on battles

nn LanchesterLanchester Linear Law fits all 4 models usedLinear Law fits all 4 models used
nn Also showed that the individual effectiveness of 2 Also showed that the individual effectiveness of 2 

fighting forces can be identical, despite their fighting forces can be identical, despite their 
different organizational configurationdifferent organizational configuration

nn Some scope for further studies on the limitations Some scope for further studies on the limitations 
of the Ardennes campaign studyof the Ardennes campaign study



Question ?



Question 1

nn In Bracken’s study, he concluded that the In Bracken’s study, he concluded that the 
Lanchester Lanchester Square Law fitted the Ardennes Square Law fitted the Ardennes 
data. (T/F)data. (T/F)



Question 2

nn The tactical parameter “d” in Bracken’s The tactical parameter “d” in Bracken’s 
models accounts for attacker/defender models accounts for attacker/defender 
advantage. (T/F)advantage. (T/F)



Question 3

nn What are the limitations of the Ardennes campaign What are the limitations of the Ardennes campaign 
study?study?
uu Models used are homogeneous in which reasonable but Models used are homogeneous in which reasonable but 

subjective weights are assigned to the combat elementssubjective weights are assigned to the combat elements
uu Theory and empirical work do not strictly correspond, Theory and empirical work do not strictly correspond, 

in that the nonin that the non--combat elements are included in the combat elements are included in the 
estimation of parameters in estimation of parameters in LanchesterLanchester equation, which equation, which 
strictly speaking only represents combat forces in strictly speaking only represents combat forces in 
physical engagementphysical engagement

uu Detailed variations in parameters to obtained best fits or Detailed variations in parameters to obtained best fits or 
at least tighter fits, and the presence and effects of local at least tighter fits, and the presence and effects of local 
minimal not thoroughly exploredminimal not thoroughly explored

uu Effects of air battles not examinedEffects of air battles not examined



Bracken Follow-up



Follow-on Research
nn FrickerFricker

uu Use regression on Use regression on logarithmically transformed logarithmically transformed 
versions of Brackenversions of Bracken’’s generalized Lanchester s generalized Lanchester 
equationsequations

uu All 32 Days, Air SortiesAll 32 Days, Air Sorties
uu RESULT: P = 0.0, Q = 4.6RESULT: P = 0.0, Q = 4.6

nn ClemensClemens
uu Used Kursk DataUsed Kursk Data
uu Regression + NewtonRegression + Newton--RaphsonRaphson
uu NewtonNewton--RaphsonRaphson: (: (pp, , qq) = (0, 1.62), regression ) = (0, 1.62), regression 

((pp, , qq) = (5.32, 3.63)) = (5.32, 3.63)
nn Turker Turker (NPS Thesis)(NPS Thesis)
nn Say something about Hembold and HartleySay something about Hembold and Hartley



Plot of Cumulative Findings
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A Better Approach: The Kursk Surface
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The Ardennes Surface

p

q

-2 0 2 4 6 8

-2
0

2
4

6

1.5e72e7 2e7 2.5e7 3e7

3.5e7

4e7

4.5e7

5e7

5.5e7

6e7

6.5e7



Some of Turker’s Conclusions

nn Constant attrition homogeneous Lanchester equations don’t seem tConstant attrition homogeneous Lanchester equations don’t seem to fit o fit 
the Kursk data wellthe Kursk data well
uu Linear best of the basicLinear best of the basic

nn Kursk and Ardennes give different best fitting models/surfacesKursk and Ardennes give different best fitting models/surfaces
nn Response surface is fairly flat over broad regions (far from theResponse surface is fairly flat over broad regions (far from the basic basic 

models)models)
nn Change points dramatically improve fit Change points dramatically improve fit 
nn Results seem relatively insensitive to weights (more to be done)Results seem relatively insensitive to weights (more to be done)
nn CoCo--linearity adversely affects estimationlinearity adversely affects estimation
nn Results can be sensitive to how the data is formattedResults can be sensitive to how the data is formatted
nn No clear defender advantage (if anything a slight attacker advanNo clear defender advantage (if anything a slight attacker advantage)tage)
nn Inclusion of Air Sorties does not improve the fitInclusion of Air Sorties does not improve the fit


